found that, if « is a positive integer, then there is a reversible function from the class <pn of «X« matrices F of complex functions defined on the real line S, continuous and of bounded variation on each interval, such that F(0) = 0 to a class 77n which is established by the condition that 
H. S. Wall [5] found that, if « is a positive integer, then there is a reversible function from the class <pn of «X« matrices F of complex functions defined on the real line S, continuous and of bounded variation on each interval, such that F(0) = 0 to a class 77n which is established by the condition that (1) W(x,z) = 1+J dF-W(I,z)
for each {x, z} in SXS. Furthermore, for each number triple {x, y, z},
W(x, y)W(y, z) = W(x, z) and W(x, x) = 1.
T. H. Hildebrandt [l] dropped the condition of continuity and studied the same type integral equation using the Young integral. He found it necessary to require the existence of certain multiplicative inverses in order to get the existence of such a solution W. (See also [4, p. 323] .) J. S. MacNerney [3] extended the one-to-one correspondence to a more general ring setting. In this setting, 5 is a nondegenerate, linearly ordered set, R is a normed ring with unity, and each of CL4 and 017 is a class of functions from SX S to R. In addition to a correspondence similar to (1) relating a member W in OM with a member V in OA, MacNerney uses the continuously continued sum and the continuously continued product: for each {a, b} in SXS
The function W is no longer fully multiplicative but, rather, relation (2) holds for all {x, y, z} such that x^y^z or x^y^z.
(See also [2, p. 329] .)
In case W is fully multiplicative, it is clear that, for each {x, y} in SXS, W(x, y) has a multiplicative inverse-namely W(y, x). In the more general setting developed by MacNerney, but with 5 the set of real numbers, we shall find a necessary and sufficient condition that, for each {x, y} in SXS, W(x, y) shall have a multiplicative inverse for W.
1. Let us suppose that 5 is the set of real numbers and that R is a ring with unity on which there is defined a real-valued norm with respect to which R is complete.
A function B is said to be order-additive from SXS into any ring provided that, if {¡c, z] is in 5X5 and x^y^z or x^y^z, then B(x, y)+B(y, z) =B(x, z) and is said to be order-multiplicative provided that, if {x,z} isin5X5andxgy^sorx^y^z,then5(x,y)7i(y,2) = B(x, z). As in [3] , we shall let 0A+ denote the class of all orderadditive functions from SXS to the set of nonnegative real numbers, and let 0M+ denote the class of all order-multiplicative functions from 5X5 to the set of real numbers not less than one. The class OA shall consist of all order-additive functions V from SXS to R for which it is true that there is a function a in 0A+ with the property that I V(a, b)\ ^a(a, b) for each {a, b}, and 0il7 shall consist of all order-multiplicative functions W from SXS to R for which there exists a function u in 0M+ with the property that | W(a, b) -11 p(a, b) -l for each {a, b}. Let OB denote the class of functions F from 5 to R such that dF is in OA, where dF(x, z) is defined to be F(z) -F(x). Note that OB is precisely the class of functions from 5 to R each member of which is of bounded variation on each interval.
In [3, 150] , Professor MacNerney defines the continuously continued sum and product. We indicate the definition: If h is a function from SX S to R and a and b are in 5, then "Z* * ~ È h(tp~x, Q and JI* * ~ U Ktp-u Q 1 1 where {tP}" is a subdivision of {a, b}. If a is in OA+ and a<b, then 2~l"sx<bOt(x, x+) exists and is, again, the limit in the sense of successive refinements of subdivisions. In this case, the limit is the least upper bound for all approximating sums since the "approximations" increase with increasing subdivisions and are bounded by a(a,b). If V is in OA, the existence of 2~laSx<b a(x, x+) gives the existence of 2~L*s*<i> V(x, x+)-A similar integral exists for the "pairs" (x~, x), (x+, x), and (x, x~). 
II [1 + B-a(lp-U t,)] Ú exp(B-a(a, b)). i
To prove the next theorem, we use the following elementary arithmetic in 7?. If r is in R and 1 +r has a multiplicative inverse in R, then (l-r-r)_1r = r(l+r)_1.
Furthermore, if each of a, b, and c is in R and each of 1+a, 1+c, and 1+a+b+c has a multiplicative inverse in R, then Remark. In a similar manner, one can show that if each of/ and g is of bounded variation on the interval [a, b] and l+dg has a multiplicative inverse in R at the discontinuities of g, then afbdf/(l+dg) exists.
Definition. Let 0^47 denote the class of functions V in OA for which it is true that, for each x in 5, each of 1 + V(x, x+), 1 + V(x~, x), 14-V(x+, x), and 1 + V(x, x~) has a multiplicative inverse in R. 
